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INTRINSIC VOLUMES OF ELLIPSOIDS

ABsTRACT. We deduce explicit formulae for the intrinsic volumes
of an ellipsoid in R%, d > 2, in terms of elliptic integrals. Namely,

for an ellipsoid £ C R% with semiaxes a1, ...,aq we show that
d
Vi (&) = ki Za?sk,l(a%, e ,af,l,afﬂ, oy a?)

i=1

oo

th—1
X 7 dt
2,2 242
0 (ajt +1)j1;[1,/ajt +1

forall k =1,...,d, where si_1 is the (k—1)-th elementary symmet-
ric polynomial and kj, is the volume of the k-dimensional unit ball.
Some examples of the intrinsic volumes V), with low and high k are
given where our formulae look particularly simple. As an application
we derive new formulae for the expected k-dimensional volume of
random k-simplex in an ellipsoid and random Gaussian k-simplex.

It is with genuine admiration and warm regard that we
dedicate this work to Ildar Ibragimov
on the occasion of his 90th birthday

§1. INTRODUCTION AND MAIN RESULT

For a non-empty convex compact set K C R%, consider its parallel set
of radius r > 0 defined as K + rB?, where B¢ is the d-dimensional unit
ball and the operation of Minkowski addition means the pointwise sum of
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two sets. The well-known Steiner formula writes the volume |- |4 (i.e., the
Lebesgue measure) of K + rB¢ as a polynomial of degree d in 7:

d
K+ 1B = kaxVi(K)r"™%, r>0, (1)
k=0

where ry, := 7*/2/T (g + 1) is the volume of the k-dimensional unit ball.
The coefficients Vi (K), k = 0,...,d, above are called intrinsic volumes
of K. They are normalized in a way that if K is k-dimensional, then
Vi (K) coincides with the k-dimensional volume of K.

The intrinsic volumes as well as related Minkowski functionals (or
quermafBintegrals) and tensors of (poly)convex bodies and sets with pos-
itive reach play an important role in convex geometry and in the ap-
plied fields, such as fractal and topological data analysis, compare e.g.
[1,2,19,20,29,31].

Although intrinsic volumes are basic and fundamental quantities of con-
vex bodies, their computation is not a simple task even for those classical
shapes like ellipsoids. So far, only indirect results containing the compu-
tation of the surface area as R hypergeometric function [7], an Abelian
integral [30] or Lauricella hypergeometric function [25] and the expression
of intrinsic volumes in terms of Gaussian determinants [12] are available.
Thus, Theorem 1.1 of [12] states that for an arbitrary ellipsoid & C R?
with semiaxes aq,...,aq we have

(Qﬂ_)k/2
Vi(€) =~ fdet((Agi, AG))E, o,
where A = diag(as,...,aq) and &,...,& are ii.d. standard Gaussian
vectors in R?. Decomposing ¢; into independent spherical and radial parts
as & = n; - ||& and noting that 7, ...,n4 are i.i.d. random vectors in R?

uniformly distributed on the unit sphere S*~! equipped with the Hausdorff
measure o(-) normalized by (S 1) yields

k/2
CO R le. Bl B ydet((dm, )l (@)

1
= @ / \/det(<Aui,Auj>)ﬁj:1 U(dul)...a(duk)7
(Sd—1)k

Vi(€) =
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where in the second equation we used that

V2T(4)
ris)

2ﬂd/2
r(g)

The later k-fold integration in (2) makes an explicit computation of V(&)
particularly complex.

The problem of deriving explicit formulae for V}(€) is also deeply con-
nected to the hypothesis that ellipsoids are uniquely determined (up to a
rigid motion) by their intrinsic volumes. It is solved positively so far only
in d = 2,3 [23] as well as for the dual volumes [22].

The main result of our paper gives the formula for Vi (€) in terms of one-

E &l = o(8171) =

dimensional elliptic integrals. Before formulating it, for a tuple (¢1,...,,)
denote by s, (t1,...,t,) (where m < n) the m-th elementary symmetric
polynomial of tq,...,t, defined as

m
Sm(ti, ... tn) = > 11t

1<i1<...<im<n j=1
Now we are ready to formulate the main theorem.

Theorem 1. For every k € {1,...,d} we have

2
—/@kg aisp—1(ai,...,a;_y,az,1,...,a3)

oo

tk_l
X dt.

d
a?t? +1 a?t? +1
% J
j=1

Using a substitute of variables t — /%, the integrals in the above formula
can be expressed in terms of the hypergeometric R-function (cf. [8, 6.8-8,

p. 184])
o0
/ t5—1d¢
—S> 0

d
H 1+Z]

R_4(b,z) =

1
d

B S,E: '
Jj=1
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where B( -, -) is the usual Beta function and

d
=(by,...,ba) ERY, 0<s5< ) by,
j=1

F = (21 20) € (C\ (—00,0]).

Corollary 2. For every k € {1,...,d} we have

Kk d+2—-k k
V()= —B|——, =
d 1
2 2 2 2 2
><;aisk_l(al,...,ai_l,ai+1,...,ad)R,k/2 ei+§;ej,a ,
where a = (a3, ... ,a?i) and ey, . ..,eq is the standard orthonormal basis in

RY.

To obtain Theorem 1, we derived an auxiliary formula expressing Vj (&)
in terms of the integrals over the unit sphere which might be of independent
interest.

Theorem 3. For every k € {1,...,d} we have

1
V(€)=
-
d 2
X Za?sk_l(af, coa?y, a?_H, e aé)/ o (1u) o(du), (3)
i=1 gd—1 €
where u = (u1,...,uq) and he(u) = \/a?u? + -+ a2u? is the support

function of € (see Section 4).

Notice that the formulae from Theorem 1 and Theorem 3 are valid for
k = d as well. In this case we have V4(€) = kqa1 - ... - ag, which means
that some of our formulae can presumably be further simplified for some
k, see Sec. 2.

Theorem 1 readily follows from Theorem 3 and the following proposi-
tion applied with @ = 2,8 = k. The idea of its proof is taken from [22,
Lemma 2].
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Proposition 4. Fori € {1,...,d} and a, 3 € R' such that § > 0, a >
d — B we have

(4)

|ug|“o(du) 4r(d=1)/27( (L) /O<> B-14¢
- d+a
he(w)  T(H5A)I(5)

gd—1 2t2 + 1 a/2 H (I?tQ +1

The paper is organized as follows: In Sec. 2, examples of the intrinsic
volumes Vi (€) of low (k = 1,2) and high (k = d — 1,d — 2) orders are
given. In Sec. 3, our Theorem 1 is applied to get a more explicit form of
the expected k-dimensional volume of convex hulls of k£ 4+ 1 idependent
random points uniformly distributed in an ellipsoid or having an arbitrary
centered Gaussian distribution law. Sec. 4 contains some preliminaries
from convex and differential geometry which are used in the proofs of our
results located in Sec. 5.

§2. EXAMPLES

It is well-known that Vo(€) = 1, V4(€) = Kqaq - ... - aq. From (3) for
k=1 we get

1 d u?
a? / Lo / a; 3
Rd—1 ; i hg (u) Kd 1 Z ( )

which agrees with (2) and with the Kubota formula for the intrinsic vol-
umes: in case k = 1 it states that

V() = [ e ofau)
Sd*l

for any convex body K. On the other hand, from Theorem 1 we obtain

d oo
:QZ/ Z dt.
0

i 0242 242
i=1 t—i—ll;[ azt? +1
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Taking k = 2 in (3) gives

i[ (i‘> / hgfu)

25
d—2 = o

d
=t gi-1 D aju

where we used that ¢(S%~1) = 2wk . Applying Proposition 4 with o =
[ = 2 leads to

dt.

d d % adt

2 z

=y at-nd [ ;
=1 =19 (a2t?+1) H \Jajt?+1

Now let us use the following duality relation for ellipsoids which can be

found in [13, Proposition 4.8]:

K
Vil€) = o ValE)Vak(€%), k=0,

Y d7 (6)

where £° is the ellipsoid dual to &:

Eo={zeR?: (x,9) <1, ye&}

Using this relation and the fact that £° has semiaxes al_l, . ,a;l we can

easily derive the formulae for V5_1 (&) and Vy_2(€) from the formulae for

V1(€°) and V5(E°), respectively:

ay...aq

Va-1(€) = 5
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and
d 4 o
d a a > a;
-2 1..-0d =1
Va—2(E) = Kg—2a1 .. .aq E a; "~ = / y o(du)
i=1 gi-1 > az‘_2“12
=1
d
_ 2 : —2
= Rd—2Q1 ...0Qq a,;
i=1

47 a; %t
7%3(1_2(1%...0,32/ - dt.
=10 (2 +af) [T (/t* +af

j=1

§3. EXPECTED VOLUMES OF RANDOM SIMPLICES

The intrinsic volumes of ellipsoids have a remarkable connection to the
average volume of random k-simplex, which is formed as a convex hull of
k + 1 isotropic random points. More precisely, let X,..., X, 1 < k < d,
be random points in R¢, whose joint distribution is invariant with re-
spect to rotations. We consider their convex hull conv(Xy, ..., Xx), which
is a random (possibly degenerate) simplex, and its k-dimensional volume
|conv(Xo, . .., Xk)|k, which is a well-defined random variable. In [10, Corol-
lary 1.1], it was shown that for any non-degenerate matrix A € R%*9 we
have

E |conv(AXy, ..., AX) |k = Rk

(k)ra
where €4 1= {x € R?: xT (AT A)~!x < 1} is an ellipsoid.

There are two particularly interesting models which formula (7) can
be applied to. For the first model consider a bit more general setup. Let
K c R? be a d-dimensional convex body, and let Yp,...,Y:, 1 < k < d,
be independent random points uniformly distributed over K. The classical
problem to evaluate My (K) := E|conv(Yp,. .., Ys)|x for given K goes back
to Klee [15]. By now, not so many exact formulae for My (K) have been
obtained, and those mostly for d = 2 and d = 3. In dimension 2, the
exact formulae for Ms(K) are available for triangles [24], regular planar n-
gones [6] and parallelograms [24]. In dimension 3, the formulae for M5(K)
have been derived in case of tetrahedron [18] and cube [33]. In arbitrary
dimension d, M;(K) is known only for the ball [14] and, hence, due to

Vie(Ea) - Elconv(Xo, ..., Xi)le, (7)
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affine invariance for any ellipsoid. The situation is more complicated if
k < d since My (K) is not affine invariant anymore. For any d and any
1 < k < d, the exact formula for M (K) is known only in case of a ball [21]
(see also [27, Theorem 8.2.3]). For the functional M;(K) describing the
average distance between two points chosen uniformly in K, some formulae
are known in planar case [5,9,28,32]. A formula for the cube [3] (via the
so-called box integral) is also available in dimension d = 3. However, the
box integral does not have a closed form expression for d > 4. Heinrich [11]
has also obtained a representation of M; (&) for a d-dimensional ellipsoid
& with semi-axes 0 < a1 < ... < aq in terms of the elliptic integral (5).
Applying Theorem 1 to relation (7), we are able to obtain more explicit
formulae for M (€) and all 1 <k < d:

Theorem 5. Let Yy, ..., Y, be independent random points uniformly dis-
tributed in €. Then for any k € {1,...,d}, the expected volume My (E) :=
E|conv(Yo, ..., Yx)|r equals

e - 1 TR rg )
(€)=
2KD (5 + 1) p(Wlrl) | Y AD(4EL 1)
d
><Za?sk,l(a%...7a?71,a?+17...,a3)
i=1

Proof. The result follows directly from (7) applied to Xo, ..., X) dis-
tributed uniformly inside the unit ball B¢ and an affine transformation
mapping B to £. Substituting the exact values for E |conv(Xo, ..., Xz)|x
from [27, Theorem 8.2.3] (see also [10, Corollary 1.5]) and the formula for
Vi(€) from Theorem 1 finishes the proof. It should be noted that in order
to simplify the constant we have used the Legendre duplication formula
[(2)0(z + 1/2) = 21722 /7 (22). O

The second model is the so-called Gaussian random simplex. Let
Xo,..., Xk, 1 <k < d, beindependent standard Gaussian random vectors
in R?. Their convex hull conv(Xj, ..., X}) is almost surely a k-simplex.
Its expected k-dimensional volume was calculated by Miles [21, Equation
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(70)]. Using (7) the later result can be generalized to the convex hull of
non-standard Gaussian random vectors.

Theorem 6. Let Yy,...,Yy be independent Gaussian centered random
vectors in R with non-degenerate covariance matriz ¥. Let A1, ..., g > 0
be the eigenvalues of . For any k € {1,...,d} we have

E |conv(Yy, ..., Y%k

JETT
= TE+1) Qk/QZ/\ Sk—1(ALy ey A1, Aig a5 Ad)

s -1
></ dt.
0

(Ait2+1) H VA +

Proof. Let Xo,..., X be 1ndependent standard Gaussian random vec-
tors. Consider an affine transformation with matrix /2 (which is well-
defined since ¥ is symmetric and positive definite). It is clear that ©/2X;,
0 < ¢ < k, are independent centered Gaussian random vectors with covari-
ance matrix X. Thus, first applying (7) and then [21, Equation (70)] we
have

E [conv(Yy, ..., Y3) |k = E|conv(ZY2 Xy, ..., B2 X)),

= MVk(é’z) -E|conv(Xo, ..., Xk)|k

(i) ra
Kd—Fk 2612/l + 1 F(%)
= TV’C(SZ) ) ! d—kt1y’
(i) a Kl I(=)
where & := {x € R%: xS 7!x < 1} is an ellipsoid with semi-axes a; =

Vi >0, 1<i<d. Thus, by Theorem 1 we conclude that

(d—k)2¢2/E+1 T(+1)(4E)
dhT(5 1) T+ ()

E |conv(Yp, ..., Yi) |k =

d
X Z)\iskfl()\lw~~a)\i717)\i+17~~'7>\d)

-1
/ dt.

Aﬁ+1H«M#
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Applying the Legendre duplication formula I'(2)I'(z 4 1/2)
= 21722, /7'(22) twice finishes the proof. O

§4. BASIC FACTS FROM CONVEX GEOMETRY

The mized volumes V(K1,..., Kq) of convex bodies K1, ..., Kq C R?
are introduced via the Minkowski theorem as the coefficients of the poly-
nomial expansion

d

|7"1K1+...+’l"de|d: Z Tkl...’l"de(Kkl,...,de) (8)
k1,...,kq=1

forry,...,rq = 0, which is the generalisation of the Steiner formula, see (1).

They are non-negative and symmetric with respect to all permutations of
the indices of K1, ..., K4, cf. e.g. [26, Theorem 5.1.6]. From (1) and (8) we
immediately have

1 (d
Vi(K) = <)de(K), k=0,....d 9)
Rd—Ek k
where
Wk(K):V(K,...,K7Bd,...,Bd) (10)
—_—— ——
k d—k

are called the quermassintegrals of K, see more on them e.g. in [26, Chap 4].

Let hx(x) = sup(x,y), x € R% be the support function of a convex
YEK
body K. For an ellipsoid

we have

(1)

The main ingredient of the proof of Theorem 3 is the formula expressing
the mixed volume of convex bodies in terms of their support functions. To
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formulate it, for arbitrary matrices Q1,...,Qq—1 € R@1x=1) denote
D(Q1,...,Qq—1) their mized discriminant defined as (see, e.g., [4])

Dd—l(Qla"'de 1

Z det Q(7 (12)

! TESq_1

where Sy_1 is the symmetric group on d — 1 elements, 7 = (7(1),. ..,
7(d —1)), and Q(7) is a matrix whose i-th column coincides with the i-th
column of Q. ;). Essentially, we compose a matrix using the columns of
Q1,...,Qq4_1 with pairwise different indices according to a random per-
mutation (uniformly chosen from S;_1), and then take its expected deter-
minant. Given an arbitrary matrix Q € R%*? denote by Q' its principal
minor produced by the deleting the i-th row and the i-th column from Q.
Now suppose that K7, . .., K, are some convex bodies having C?-smooth
boundaries with positive Gaussian curvatures at each point. For a convex
body K C R? denote by Hy (x) € R¥4 the Hessian matrix of its support
function hx at point x. Then it is known (see e.g. [17, p. 1061]) that

d
V(Ki,...,K Z /hKl )Da_1(Hj, (0),..., Hi (u))o(du).

Combining this with (9) and (10) for k£ > 1 leads to

()

dlﬁ:d k

xz / W Dar(Hic (), .. Hje(w), Ho (W), .. Hi(w))o(du).

- k-1 d—k

Vi(K) =

(13)

§5. PROOFsS

5.1. Proof of Theorem 3. We are going to apply (13) with K = &.
To this end, let us first calculate the mixed discriminant under the inte-
gral in the right-hand side of (13). It follows by straightforward double
differentiation of the right-hand side of (11) that

He(u) = hg*(u)A(u),
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where
A(n) = h2(u)diag(a?, ..., a3) — (a3us,...,a2uq) " (a3uy, . .., a2ug)
a3(h(u) — alu?) —a%aduyus . —a?auiug
_ —a%a?uguy a3(h(u) —a3u3) ... —a3aiusug
—aié%udul —aZég-udug . ai(h%(ﬁ). - aZu?)

In particular, recalling that u € S¥~! we have

Hga(u) = |u)| 3y —uu’) = I; —uu’

2
1—uy —wue ... —uiug
o —uguy 1 — u% ... —Uglyg
2
—UlUg  —U2Uqg ... 1 —uj

Using this and the linearity of the mixed discriminants we arrive at

zhw@m%w@@,wum,@@) (14)

k—1 d—k

= B () Dy (AW, A ), Hia(), ., Hpa(w) ).

k—1 d—k

By (12) we have

> ¢ (u)
TESq—1

mAQmpwm@,Mmm,Mmykjﬁﬁ—,um

k—1 d—k

where qg) (u) is the determinant of the matrix composed of k—1 columns of

A’(u) and d—k columns of H{,(u) chosen according to the permutation 7.

Since for i = 1,...,d and 7 € Sy_1 all qg)(u) look similar, it is enough

to compute only one of them: the rest will be derived by changing the

variables. Consider for simplicity qi(g)(u) corresponding to ¢ = d and to

the identical permutation. We have that qi(g)(u) is the determinant of the
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matrix
a?(hi«(u)fafuf) o 70,%(1% 1UTUR—1 —ui U — UL UG—1
r —aiflt.z%uk,lul ak 1(hg(u) ak 1uk 1) —u;;:luk —uk:l.ud,l W
L —ai(z%ukul —aiaiflukuk,l 1 —ui —UpUg—1 J
Ca? atug_iur ... —a?_gad uwaoiup— | —warur ... 1—ud_,

Taking the factor a? out of the j-th column, j =1,... .k — 1, leads to

qi(g)(u) = ﬁa? - det < (C;:; gi > , (16)
j=
where
=hi(W 1 — (au1,..., a5 _qup_1)" (U1, . up_1)
= hz(w)ly—1 — v{uy,
Co=—(uy .. 1) (U, ..., ug_1) = —u; ug, (17)
Cs = (akuk, coad jug ) (U, up—1) = —Vg uy,
Cy=1Igp— (up,...,ug—1)" (up,...,ug—1) = Ig_j —ug uy.

Here, we used the notation

u; = (ug,. .., up—1), Uz = (Ug,...,Ud—1),

vi = (afuy,...,ai_jup_1), vo = (aiug,...,a3_juq_1).
Matrix Cy is invertible with
uj uy

cl=1, , +_—2"=
AT T a2

(18)

Using the well-known formula for the determinant of a block matrix (see
e.g. [16, Lemma 5]), we obtain

4P (u Ha -det(Cy — C2C; ' C5) det Cy. (19)
Jj=1

First of all, using the Weinstein—Aronszajn identity
det(I,, + My M) =det(I, + MaMy), M;eR™*" MyeR"™™ ™  (20)
with M; = (1 — |[uz]|?)~tug , My = uy we obtain from (18) that
det Cy = 1 — |Jug]?. (21)
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Further using (17) and (18), we calculate

CyC7l05 =ulu (Id E+ u; u )vTu
2Ly 3 — U u2 — PEEEETEEETE Y 2 Ul
1—[jug|?
H112||2 T T T
( + T— usl2 u; (ugvy Jug u; uy,
where
T
IIQV2
Ai=——=—€R
1 — [ugl]?
Therefore,

det(Cy — C2C; 'C3) = det (hE () Ip—1 — viu — )\u]—ul)
= hZF2(u) det (In—1 — hz?()(v] +Auj)uy).
Again applying the Weinstein-Aronszajn identity with M; = v| + Auf
and Mz = u; and noting that h%(u) = u;v{ +uavy + a2u? leads to
det(Cy — CoCy ' C3) = 2% 2(u) (1 — hg2(w)uy (v + Auy))

= h%k_4(u) (h%(u) - ulvir - )\uluir)

- u; || T
= hZ4(u (ugvT + aZu? — ” usv
& ( ) 2 d"d 1_”“2”2( 2)
ugtavy + agug(uj + |[w?)
1— [ug[]?

= nZ )

Finally, combining this with (19) and (21) gives

k—1
0y’ () = [T a3ng () (ufuevs + adui(uf + i |*)) (22)
j=1
k—1 d k—1
= u2hZ"(u) H a? Z a?u? + a2 Z u?
j=1 j=k j=1
k—1 k—1 k—1
= u2hZ"(u) H a? he(u) — Z a?u? +a? Z u?
j=1 j=1 j=1

Now consider qu) for an arbitrary permutation 7 € S;_1. By the simul-
taneous rearrangement of the rows and columns (thus non-changing the
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determinant) it is possible to bring the matrix corresponding to qu) to the
same block form as in (16), and repeating the above reasoning we get

k—1 k—1 k1
¢\ (w) = ughg" = (u) [ [ a2 (he(w) = Y a2 yul) +ad )y uli).
j=1 =1 j=1

Summing this up over 7 € S3_; leads to

S alDw) = (k= D — Bl )

TESG_1

2| 2,2 2,2 2 2
X E Haj agug + E ajuj—l—adg uj )

ul\giid1 jeI jeJa\I jel

where we used the notation J; := {1,...,d}\{i} fori =1,...,d. Similarly,
for arbitrary ¢ we have

> (W) = (k= )l(d — k)hE (w)u? (23)

TESG_1

X Z Ha? a?u? + Z a?u?—kafz:u? . (29)

II{—CI;]il Jjel JEJiNI jel

Let us sum this up over ¢ dealing with each summand in the inner brackets
separately. To simplify the notation, we will write

i (2 2 2 2 .
a':=(af,...,a;_1,a5,,...,ay), 1<i<d,
0. (2 2 2 2 2 2 S
al = (ay, .01, 5 Q51,15 0g), 1< i< j<d,
and a*J = a’ for i > j. Firstly,
d d
2 2 22 2,4 i
g u; g Haj~(aiui) = g a;u; - sp—1(a’). (25)
i=1 IcJ; |jel i=1

|I|=k—1
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Secondly, by exchanging the summation order we get

d
2 2 2
St Y| X | - Y Y [
i=1 ICJ; |jel  jeq\I i=1  jeJ; ICJ;; jel
[T|=k—1 |T|=k—1
d
_ 2,2 2 i
= g a;uiuj - sp—1(a"?),
ig=1
i#j

where J; ; :={1,...,d} \ {¢,j} for any i # j. Finally, again by exchanging
the summation order

d d
2 2 [ 2 2| = 22 2 2 2
doui Y |IDaf |t || =2 afu? } afui >0 14
i=1 IcJ; |jel jel i=1 jedi ICT;,; jeI
[I|=k—1 [T|=k—2
d
_ 2.2 2 2 J
= E aju;ajuy - sp—a(a"’)
ij=1
i#]

Further we note that

sk—1(a") = sp_1(a’’) + afsp_o(a"’)

and thus
d d
2 2 2 2 2 2| 2 2
Youi Y (Ilad Do ajud|+d i Do |[1af (e v
i=1 IcJ; |jel  jeg\I i=1 IcJ; |jeI jel
|I|=k—1 |I|=k—1

Za?u (sk—1(a™) + a3 sp_a( Za?u ~sp1(a’).

3,7=1 3,7=1
i#] i#]
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Combining this with (23) and (25) we arrive at
d .
SOY o u) = (b 1)l(d — k) )

i=1T7E€Sq-1
d d
}: 2 4 i 2,2 2 ]
) ( aju; - sp—1(a’) + E g U Uy 'Sk—l(a7>)

i=1 ij=1
i)

d
= (k= D) — k)R () Y afuls, 1 (a’),
i=1
d
where in the last step we used that > u? = 1. Recalling (13)—(15) con-

i=1
cludes the proof.

5.2. Proof of Proposition 4. The key ingredient of the proof is the
following simple observation: for ¢,y > 0 we have

o 2 F —v/2
/tw_le_dzdt =< 5 /(Ctz)y/Q_le_Cﬁd(ctQ) = 5 F(;) (26)
0 0

Passing to the spherical coordinates and having in mind that hg(-) is ho-
mogeneous of degree 1 we can write

o0

/|x |*hg P (x)eIxI? dx—/ Jug|“hg( )/rd+o‘_’8_1e_r2dro(du) (27)

-5 )/wh Jo(clw)

where in the last step we used (26) with ¢ = 1,7 = d+«a—f. Now using (27)
and applying (26) with ¢ = h%(x),y = 3 leads to

u; |¢ u 2 z:|%h P (x)e~IxI” dx
/|1|h ) o(du) = (d+g_5)¥|z| he? (e X% (28)

_ d+2 /[ 2 /tg_le_hg(x)#dt} |xi|ae_”x”2dx
r(5=2) J (%)

o
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4
(=520 (5)

X/tﬁ1|:/ |l,i|ae(a?t2+1)wfdxiH/6(a?t2+1)z§d;pj}dt, (29)
5 e i1 0

where in the last step we used that h%(x) = a2 + - + aZz2 and the
Fubini theorem. Applying (26) to the inner integrals gives

o0 o0
—(a2t241)2? —(a2t241)z?
/\J;i|ae (@423 gy = 2/?5?6 (@42l gy, =

—o00 0

L‘f‘l)
2
1)(a+1)/2

I'(
(a2t +

and

oo oo

—(a?t2+1)w?d - 2/ —(a?t2+1)m?d - L
/ e x; e x; (a?tQ FENIVEN

—oo 0
which together with (28) concludes the proof.
5.3. Proof of Theorem 1. Theorem 1 follows from Theorem 3 and

Proposition 4 applied with o = 2,8 = k, and the observation that for
such «, 8 we have

1 4rld=D21(3)
kta—k  T(HZE)0(5)

= KRk.
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